EXACT STATIC AXIALLY SYMMETRIC 
THIN ANNULAR DUST DISKS 



Guillermo A. Gonzalez*'\ Antonio C. Gutierrez-Pineres* and Viviana M. 

Vina-Cervantes* 



Abstract. A new family of exact solutions of the Einstein field equations for static and axially 
simmetric spacetimes is presented. All the metric functions of the solutions are explicitly computed 
and the obtained expressions are simply written in terms of oblate spheroidal coordinates. The 
solutions describe an infinite family of static axially symmetric thin annular dust disks. The disk are 
of infinite extension but with an inner annular edge. The energy densities of the disks are everywhere 
positive functions of the radial coordinate, equals to zero at the inner edge of the disk, having a 
maximun at a finite value of the radius and then vanishing at infinity. The disks have finite mass and 
their energy-momentum tensor agrees with all the energy conditions. 



with 4> and A only depending on r and z- The Einstein vacuum equations are 
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The Weyl metric for a static axially symmetric spacetime is 01] 



ds^ = -e^'^dt^ + e-^^[?d(p^ + e^^{d? + dz% 
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We now impose the conditions 
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In order to solve the Einstein equations, we introduce the oblate spheroidal coordinates 
by means of 

r2=a2(x2 + l)(l-/), z = axy, (7) 



with — oo <x<°°, 0<y< 1. The disk is obtained by taking y = and so is located at 
z = 0, r > a. On crossing the disk, x changes sign but does not change in absolute value, 
so that an even function of x is a continuous function everywhere but has a discontinuous 
X derivative at the disk. 

A conveniente solution, satisfying ([5]) and ^ and regular for y 7^ 1, is given by [0] 
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where a is an arbitrary constant and a the inner radius of the disk. So, by using the 
distributional approach [Isl,^,!!], the Surface Energy -Momentum Tensor of the disk can 
be written as 

Sab = eVaVb, (10) 
where V" = e^^ 5" . The surface energy density is given by 



.a -1 



(11) 



Note that, if a > then e > 0, i.e. the disk satisfy all the energy conditions. Nevertheless, 
for > 1 we have that e increases to infinite when r ^ 0°, whereas for < 1 £ 
increases to infinite at the edge of the disk, r = a. 

From dS]) we can generate an infinite family of solutions by means of the procedure 
il 
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where n>0. The first member of the new family of solutions is 

ay 
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with 



Ai{x,y) = 9xy - / + 2xy + 6xV +y''-y\ 
and the second solution of the family is 

ay 



4>2(x,3;;a) = 
A2{x,y;a) = 



{;c^-3;cV + 3;c^-/}, 



a2(jc2+3;2)3 
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FIGURE 1. e = ae as a function of f = r/a for the disk with n = 1 and a = 0.4, 0.7, 1, 1 .3 and 1 .5. 



with 

A2{x,y) = 2xi2(9/-l)-4xi°(5l/-4l/ + 2) 
(735/ - 1241/ + 419/ - 9) 
-x^y^{l32y^ - 1644/ + 1604/ - 252) 
+xY{S4y^ - 384/ + 1266/ - 630) 
+4x^/(6/ + 6/ - 39/ + 63) + 3/(/ +/ +/ - 3). 

For n > 3 the solutions are more involved, but can also easily obtained. 
The surface energy densities of these two thin disk models are 

^ 4a{x^ + 3) ^-a2(2jcU&x'+9)/(&a'x')^ (^g) 
a^x^ 

for jc > 0, and will be allways positive if we take a > 0. We then have dust disks in 
agreement with all the energy conditions. The total mass of the disks can be easily 
computed and, for the first solution, we obtain 

Ml = 2;rr(l/4)V2^, (19) 

with similar expressions for all the members of the family. So, these solutions describe 
an infinite family of thin dust disks with a central inner edge, whose energy densities are 
everywhere positive and well behaved, in such a way that their energy-momentum tensor 
are in fully agreement with all the energy conditions. Moreover, although the disks are 
of infinite extension, all of them have finite mass. 

Now, as all the metric functions of the solutions are explicitly computed, these are the 
first fully integrated explicit exact solutions for such kind of thin disk sources. Further- 
more, their relative simplicity when expressed in terms of oblate spheroidal coordinates. 



FIGURE 2. e = ae as a function of r = r/a for the disk with n = 2 and a = 0.4, 0.7, 1, 1.3 and 1.5. 



makes it very easy to study different dynamical aspects, like the motion of particles in- 
side and outside the disks and the stability of the orbits. Now, besides their importance 
as a new family of exact and explicit solutions of the Einstein vacuum equations, the 
main importance of this family of solutions is that they can be easily superposed with 
the Schwarzschild solution in order to describe binary systems composed by a thin disk 
surrounding a central black hole [@]. 
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